
Lecture 13 . Virtual localization
• T- fixed point

• Computing et IN
"
)

.

• Aspinwall - Morrison formula

Reference :

Graber -Pandharipande Localization of virtual classes



§ 1
.

T- fixed point -
• Torus action

.

Let T= *5 : Zdimil torus
.
HE Get = ① Exo. XD

Consider T AT = d' defined by

( to
.

til
. (Zo

,
Ze ) = (toZo

,
tier )

.

Let X =p
'
-

= BAT
. Then To lifts to a T- action

on the univ . line bundle .

Opec-11 = { Clio) C- IPKF / v ee tf a pit xTf .

Examples: Ho ( Rt , Opeth ) = Idol ④ fan .

Ho ( Ipt . Gpa Cdt ) = ⑦ ¢ ( allot bae)
atb. =D

a. bZO

9' 403
To IP

'

has two fixed points Po & Pe

Example
.
ef Tpo IP'T = do -de .

et (Tp, P1 ) = in
-do

(Hint : let④ c- Ipt .
Then Tep

't
= Hom (e

,
VA ) )

.



° Combinatorial data for T- fixed loci .

T G IP
'
→ T P Nig in (P1 .d) , .

We remember combinatorial data of a connected component
of T - fixed locus as follows :

# 1

3 (Po , 1)
I

4-④
• t

••
3

••

(pm)

5

①
T"

•.
1

•• ( pep)

#
(Po

,

o)

T
• •

Po P1

• Edge : noncontracted components ,
labeled by the degree

• Vertex : connected component of f
-'

Cpo) or f-
'

Cpr) .
labeled by Cpias ,

gas ) i i V- {o .13

g : V - Ezo

• Leg : markings
• Flag : F- (e.u) : incident edge - vertex pair

& T is Not a stable graph . of the domain curve -



For each T
,
we associate

MT ⇐ uffe
,
ttgas.nu,

.

where that Itai. = pt .

Then I finite group At acting on MT , where

1 →etf, Nde
→ Ap- AutCTI → 1

.

-

acts trivially on UT

For each connected component of ttgn (B?d) , we have
T : MT- ttgn (P?d )

\ (closed imbedding

[MT / Ar ]
nvm

smooth DM slack !

Upshot Even if dtgn UP?d) is highly singular , T-fixed loci
are smooth DM -stacks .

This is an ideal situation to use

virtual localization formula !



82
. Computing et CNYI ) .

• X = 1ps .

T

Let (f : CC . pa . . -
-pm I → X I c- NT g.n (X-

d l
. Then wehave

o→ Deft) → Eof Ee# Obs Cf ) → o

T

Tangent space
& obstruction space

e
,
(Nim ) : = eCEom =

eCDefm
e ( Eino

-

I e (Obs mov )
'

DefCf) & Obst) fit into the following long exact seq

o → Ext (DcCD) ,
Oc) → HOG

.
#TX) → DefCf)

# cm

Ext'Crc CD) , Oc) → H
-

(C. f-*TX) → ObsCfl → 0

. D= Pet - - r +pn

a Ext
'

CRUD)
,
Oc) E Tees AutCC. D)

.

Few Remarks :
*Canonical T action on DefCf) & Obst) naturally extends
to CA) . C = exact sequence of T

-representations



* In this case
,
[Ntr l Ar]

"
= [ttp /Ap)

.

* It is easier to compute the moving part of CA) after

pulling back to htt .

The price to pay : we have to

divide the order of At at the end .

e (Nfr , =
e (HOK .

TX)
m"

) e ( Ext
'
Craig . may

e (Ht CC .
FdTX)m

" ) e ( Ext (DcCD .

O may

We only wrote a fiber of sheaves over a point in UT .

The point here is that those spaces glue naturally & gives
T- equiv . coherent sheaves on MT -



(It Moving parts from deforming f .
Let's compute H.CC .

f *TX ) m
"

.

Consider a partial
normalization of C forced by P .

o → Oc →off Ocu④ ⇐
06 → It dxe → °

Tensor with f
*
TX

.
and take H

.

O → HEC
.
f*TX) t Ot Hour

.
ATX) to⑦ Hoke

.

f't TX ) → Of Taek
- v e

-
a HtCC

.

f-*TX) → Ot H'Ccv
.

f*TX) → o

- v

• Contribution from Ho CCe
.

f*TX )

↳ trivial bundle with nontrivial weights

Read : flee : Ce - Ip
1

,
z- z

de

KS

Ip
1

Euler sequenc
o Ope → Opals) ④ ¢

'
→ TIP

't
→ o



Pulling back to Ce :& H
.

o - ¢ → Ho (Olde)) ④ ¢
-

→ HOC f*TIP'T → o
T T T
wt -o wt = aged. +bag, wt = - do

.

-de

Atb =de

⇒ et ( Hoff
#Tfp1) mo

-

j

=I cde-all 't ) • DIII Cde -all'k-)
± c-1)

de Cde! )
'

⇒
(do -da)

2-de



• Contribution from Htc car
,
f *TX)

cu is a contracted component . So

H'-Ccu
.

f-*TX) = H 'T Ocu ) ④ Tia,X .

= Eyo, ④ TimX .

E wt = Rico, -di cu's

Exercise
.

For a vector bundle E of Her , let

Ce(E) i. = It taCE) t - -
- t tropCE)

be the Ohern polynomial of E ( t is a formal variable !
Let L be a line bundle . Then show

CtlExoL) = II ti CIL) "-i CifEl .

⇒ et f tf Ccu .
f-*TIP4 )

gcu)
= C

cilia, -Xia, y
-1 (EI ) . ( Xiao -Xian , )

• Contribution from Hoc cu .TX) .
Txpx .

Hoccu
,
TX) = TianX ← wt-Xia, - Nicu ,

TaeX ← wt = du - du l F = Cev )
.



( It Moving parts from deforming C
.

Let F - Ceu) be a flag associated to V@• V
'

Lz
de

Ce des 1171
- p t

Denote Aia, -din's
w f = et ( Tu Ce) = Te

We use partial normalization of C forced by C .

The moving
part only appears at flags !
• Contribution from Exton CD) ,Oc)

G)If C has two special points ⇒ Ext
'
m"

= O

""If C has one special point ⇒ et ( Ext 'm" ) =WF

• Contribution from Ext
'
(della

.

Oc)
( 91 If F - Cen) connects a contracted component $ a

noncontracted component .
⇒ et C - - - ) = WF - YF

(79) If F -- Cert connects two noncontracted components
⇒ e TL - - - ) = W Fus t wFriz

Fu
.
I

✓•

Far
, z

• •

Ipt



Summary

1

=¥÷!÷
.

we

'

- ¥ It Him
- diam )

TT Gaia , - ai TEI )
-Chia, - Xia . ,j9

""

UEVC 'T )

v -

= stable

It.ua#iw...nIt..wFgcu1--0TTC-1Jdede2de9cal -→

CE ECT) (de! )
-

Cao -de)2de

↳ Let IT : they.nl/P7d) → Agin .

aiEH*CP') . Then

a*lII.eu#anCm-g.nCPtdD-i-)o-R*Cttg.n1
.



§3
. Aspinwall - Morrison formula

Let Y = Tot ( Qpft) ⑦ Opt ft) ) .

←
quasi -projective

⇒ vdimdtg CY .

d) = O Calabi-Yau 3 -fold
.

By the negativity of Opel-H ,
NTGCY .

d) = dtg ( IP?d )
and

.

[ NTGCY ,

d I ]
""

- e ( Obs) n [ Itg Up? d) ]!
"

Obs = R#*f-
*
(Oct) ⑦Oft) )

⑦ C-H④Ott)

f
t

ttgellpt .d) Ipt

TL

ttg Cpa -
d )

Exercise Let d31 .

Then RtF*f*⑨tH OH)) is a

locally free sheaf of rank = 2g-2 toed .

Let

C Cgd) = Jaggery ,guar e (Obs) E Q



From string theory in HEP ,
Ccg .d) should satisfies certain

property ( multiple cover formula) ie

Ccg .d) = d
29-3

Ccg -1)

Thin( Faber -Pandharipande) Let d31. Then
d
- 3 Tf g- O

C Cg .d) = { 1Bag I d.
29-3

¥32!
Tf g> o

.

Let's compute aged) by the virtual localization .

First obstacle T - fixed loci are very complicated as
g. & d → • -

-

-
-0€

If
• •

Po Pa



Idea Two different equivariant lifts of Opel-II

cancel all contributions of Itp except for thoseP

of the form
d

T = • •

91 92

Let H
* ( IP
'

) ⇐ ④ THT IH? Choose two equtu life :

et C O C-II ④ de) = - H tde
- et ( O C-H ④ do) = -Htdo

.

Lemme
.

Let T correspond to a connected component of
Itg( IP 1.d)T .

If T contains a vertex U of nth 32
,

then the contribution vanishes
.

pf) Let [f : C→ pit ] E CUT IAN ? as ttg(Ptd)
t

.

Consider the partial normalization of C by T .

E→ c
l l

H Ei



.

÷
•

a ④Cv Lf

Po • • Pe

Suppose 7- V ETCH St ncu)=3 . Let 's cul - Po .

Consider the exact sequence

o → Oc- 2*05 → got Qq → o

Tensor with f-* Opeth ④ do and take H* :

o → to tf
.CE ft OC-17④do) → to Ho (9 ,

f-
*

Opeth④do)

-
> H1 (C .

f-*Olpe C-11 ④ do)



Since Eu contracts to a point Po ,

• Hoc Eo
. f-
*

Opec-11 ) E Ho (Oct ) ④ Opr ④dolp
.

U

wt = -dot250

•

a

HOG ,
f *Opec-H ④ do ) ← dim = na) of weight o

spaces

If ncu) 32 ⇒ Rko f-
*CO GH ④OGI) contains

trivial T- repens .

⇒ et ( Obs) = O

Dae

If
you take different T - equiv lift of Oct) s ,

then

you will get much complicated T - fixed loci (see [GP3 ) .

Result Possible configurations of T :

d
( 91+92=9)

.

Tgegz = • •

(Po . 91) Cpe
, ga)



By the partial normalization sequence , we have

ET (Obs) = C-1)
d-1 Cd ! )
'

tdd
(Ro-de)

ad-2

§ . c-Hst Xge - Cca, -*CE ) (da -to 191
deg -_ 2g-ztzd

a C-1)92dg, - Gao-day-1 (EV ) (do-11192

By the virtual localization ,
we conclude

(Cgd) - I
t

g.+gig
d Cont ( Pge.gs)
£ Automorphism factor

Cont( Tg.g)
= C-Ild

-'-Y Cdo-dated-2+9 dgefzihdgf-efot.SI

•

d
He-I

¥13291-I 412%-2 . Cho -Re)
91
← vertex g,

292-1

" c÷⇒ogzg .-1 45%-2 - Cdr -do)
92
← vertex ga

-

C -1)dd2d
-

c- edge e

Cd ! )
-

(do -he)2d



Other terms vanish because of the dimension reason
.

After Integrating over ITPg. ga = M-gr.exttga.se , wehave

1 d29-2+2d →
Ccg .d) = d-

-

dad
L bgibgz
getgig

d 2g -3
91.9270

where

bg = {
it if g-- o

fig ..4142dg gso

We are reduced to compute bg . The general formula
is given in
Faber - Randharipande , Hodge integrals & GW theory

Exercise Use Pixton 's formula to complete bg when

9=1,2 . Check whether the result coincides with

our formula


